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Shallow water equations ECOLE POLYTECHNIQUE

FEDERALE DE LAUSANNE

Conservative form:

oh 1
87: + V- <hu ®u+ 2gh21> = —%(k x hu) — ghVh,
oh
—+V-(h =0
5 TV (hu)
u = (u1,u2) — horizontal velocity, g — acc. due to gravity,
k — unit normal to Earth’s surface, F = 2Qsinf — Coriolis term

k-u=0
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Shallow water equations ECOLE POLYTECHNIQU
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Vector-invariant form:

g‘:jtvqwr(wg?)uL =0
oh

¢ =gH + K, KZ*’U.‘Q, w=k-Vxu, ult =k xu
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Conservation of energy ECOLE POLTECHNIUE
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For U = (uy,ua, h), let

1
n(U) = hK + §gH2, q=(¢H + K)hu
N————
total energy

Using the shallow water equations, we can show

on d [
an g = ~ | ndx =
8t~|—Vq 0 = dt/nx 0
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Vorticity dynamics ECOLE POLYTECHNIQUE
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Absolute vorticity:
Vi=w+ F

Taking curl of velocity equations

o d [
E+V~Q9—O = dt/ﬂdX—O

Potential vorticity:

0
¢:= h
is advected
¢ :
ot +u-V{=0 == ¢ constant along stream lines
= max./min. preserved
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Other invariants ECOLE POLYTECHNIQUE
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Every quantity of the form

C:= /hg <i> dx (Casimirs)

is conserved. In particular,
e G =1 — conservation of total mass
e G(s) = s — conservation of total ¥

. . 292
e G(s) = s2/2 — conservation of total potential enstrophy g—h



Existing energy preserving approaches for SWE & oiaichmiav

G|

FEDERALE DE LAUSANNE

Conservative form: (Entropy framework)

Energy conservative/stable schemes (Tadmor et al. 2008, 2009)
Well-balanced energy stable scheme (Fjordholm et al. 2011)

Vector-invariant form:

2nd order energy and potential enstrophy preserving FD scheme (Arakawa
and Lamb, 1981)

Extension to geodesic (icosahedral) grids (Ringler and Randall, 2002)

TRISK schemes (Thuburn et al) on non-orthogonal polygonal grids using
DEC (cannot preserve both simultaneously)

AL scheme extended to non-orthogonal quad. grids (Toy and Nair, 2016)

Energy and potential enstrophy preserving scheme using Hamiltonian tools
on planar grids (Salmon, 2007)

Hamiltonian 4+ DEC: extension to arbitrary spherical grids (Eldred and
Randall, 2016)

6/29



u — h — 9 model I

ECOLE POLYTECHNIQUE
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Since ¥ is important, we consider the larger model

ou L
E‘FV‘P‘FT?U =0
oh
E—l—v-(hu) =0
o
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ECOLE POLYTECHNIQUE
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Since ¥ is important, we consider the larger model

oU _0h(U) oR(U)
ot + ox + oy o
oY 0y &]2_0

ot ox oy

(/51 P 0
U= (Ug) y fl(U) == ( 0 ) 5 fz(U) == ( 67] ) 5
h huy hug

(Ji, o) =vdu', 8= (—ugd,u9,0)"

where
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Discretize the domain using 2D Cartesian mesh

Iivj = [m‘_%awi_t,_%) X [yj_%yy]_’_%) — cell

Xij = (24,95) = (iAz,jAy) — cell center

Consider the FD scheme

_ FY — FY
dUij , (Frps ~F130) +< i+ i,j—é) L
- imj’

dt Az Ay
T T Y I
dt Az Ay =
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Theorem (Similar to entropy conservative scheme [Tadmor et al.])

Let n(U) and q = (q1, g2) be the energy and energy flux. Define the vector
V = 1/(U) and the scalar energy potentials

V= (Vif) g, W= (Vih) - a
If the numerical flux functions F*, FY satisfy the conditions
an _ x Yy
(AVipy B2y Y= AU, (AV 0 FY ) =AW

then, the scheme preserves energy, i.e.,

a __ A Y _ Y
dn(U;) N (qz‘+é,j qi,%,j) o (qi7a‘+% qw'—%) —0
dt Ax Ay .
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The following second-order two-point flux satisfies the algebraic condition

1 1
1= §(f1(Ui,j) +£1(Uiy1y), FY. = §(f2(Ui7j) + £5(U; j41))

i+5.0 ijt+i

10/29
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ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

The following second-order two-point flux satisfies the algebraic condition

z 1 1
i1y = 5 (0Uig) + 6 (Uiry)), FL = 5 (8(Uig) + £(Uin)
Can obtain 2p-th order flux using
P r—1
FI2P =3 ol Y F'(UisUis) (Lefloch et al, 2002)
r=1 s=0

10/29
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The following second-order two-point flux satisfies the algebraic condition

. 1 1
1= §(f1(Ui,j) +f1(Uit1,)), Fz#% = §(f2(Ui,j) +£2(Uij+1))
Can obtain 2p-th order flux using
p r—1
FI2P =3 ol Y F'(Uis,Uis) (Lefloch et al, 2002)
r=1 s=0

e What about the flux for 97
e Source term depends on .

e Central scheme bad near steep gradients.

10/29
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Use finite difference WENO for 9 (Shu, 1998)
Step 1 (Flux splitting):

@

() 0,w) = 5 GA@) +a™0), ()7 (9,w) = 5 (A() — a0)

DN =

where o = maXi,j{|(U1)iJ|}

11/29
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Use finite difference WENO for 9 (Shu, 1998)
Step 1 (Flux splitting):

(J1(9) — a9

DN |

()" (9,0) = 3 (1) + ™), (71)7 (9 m) =

where o = max; ;j{|(u1)i |}
Step 2 (Reconstruct upwind flux): Set ¢; = (J;)% (¥;, w;)
1 5} 1
¢1+1 = *¢i + *¢i+1 - *¢i+2
i-3/2 i-1/2 i+ 1/2 i+3/2 i+5/2

1),-
o, = *¢> 1+ ¢ + ¢ +1 ‘ ' * J
+2 - ' ' o b AT T e

¢1+1 = §¢i—2 - 6@‘—1 + Ed%’
5-th order WENO approximation is given by

(Jz)z% :¢+1 —w0¢+1 +w1¢ ’1 +w2¢(2)

12/29
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Use finite difference WENO for 9 (Shu, 1998)
Step 3 (Reconstruct downwind flux): Set ¢;ix = (J1)7 (Fi—kg1, Wieps1)
and repeat Step 2 to get (J“"’)?Jrl
2
i-3/2 i-1/2 i+1/2 i +3/2 i +5/2
| |

|
I T T 1
i-1 i '\ i+l i+2

13 /29
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Use finite difference WENO for 9 (Shu, 1998)
Step 3 (Reconstruct downwind flux): Set ¢;ix = (J1)7 (Fi—kg1, Wieps1)
and repeat Step 2 to get (J“"’)?Jrl
2
i-3/2 i-1/2 i+1/2 i +3/2 i +5/2
| |

|
I T T 1
i-1 i '\ i+l i+2

Step 4: Add fluxes to get

Ty = U U

2

13 /29
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VI—EP4 ECOLE POLYTECHNIQUE
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Use finite difference WENO for 9 (Shu, 1998)
Step 3 (Reconstruct downwind flux): Set ¢;ix = (J1)7 (Fi—kg1, Wieps1)
and repeat Step 2 to get (J“"’)?Jrl
2
i-3/2 i-1/2 i+1/2 i +3/2 i +5/2
|

|
I T T 1
i-1 i '\ i+l i+2

Step 4: Add fluxes to get
Ji = L+ N7,

VI-EP4 scheme: — 4-th order energy preserving fluxes Fx 41, Fyfi
2

— 5-th order FD-WENO for %
— time-marching with RK4

13 /29
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Advecting vortex: accuracy !ﬁg!w(cll!w
u; = 1+ cryexp (—027’2)), Uy = —C1X exp (—027”2)),
2

H=1- —401 exp (—202r2)), hs =0, 7r=+z2+19y2,
29
c1=0.04, =002 g¢g=1 F=0.
I5.005-02
0.00e+00

-5.00e-02

-1.00e-01
Max: 1.08e-02
Min: -7.97e-02

14/29



Advecting vortex: Accuracy
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U1 u2
N L}l L L,l1 Lie
error rate error rate error rate error rate
50 | 1.43e-00 - 5.31e-03 - 1.87e-00 - 9.59e-03 -
100 | 5.05e-02 | 4.83 | 3.30e-04 | 4.01 || 6.84e-02 | 4.77 | 4.69e-04 | 4.35
200 | 1.63e-03 | 4.95 | 1.11e-05 | 4.90 2.27e-03 | 4.91 | 1.60e-05 | 4.87
300 | 2.23e-04 | 4.91 | 1.40e-06 | 5.11 3.14e-04 | 4.88 | 2.11e-06 | 4.99
400 | 5.62e-05 | 4.79 | 3.12e-07 | 5.21 || 7.96e-05 | 4.77 | 4.99e-07 | 5.01
h 0
N L} L§° L Li?
error rate error rate error rate error rate
50 7.59e-01 - 2.11e-03 - 6.77e-01 - 6.14e-03 -
100 | 2.78e-02 | 4.77 | 9.14e-05 | 4.53 3.55e-02 | 4.25 | 3.04e-04 | 4.33
200 | 1.13e-03 | 4.62 | 3.55e-06 | 4.68 || 1.14e-03 | 4.96 | 1.18e-05 | 4.68
300 | 1.88e-04 | 4.42 | 5.57e-07 | 4.57 || 1.34e-04 | 5.27 | 1.65e-06 | 4.85
400 | 5.47e-05 | 4.29 | 1.55e-07 | 4.42 || 2.96e-05 | 5.26 | 3.99e-07 | 4.95

29
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Perturbed geostrophic balance £COLE POLVTECHNIQUE

Domain: [—5,5]%, Ty = 50. Geostrophic balance:

u= _iﬂo w_£d2h0
S\ Fdy ) CF dy?

1—y2 o>
ho(y) =1+40.1 [tanh +1f, g=1, F=1

0.5
Perturb:

h(z,y) = ho(y) + hsexp(—r?), r*=2®+4y* hs="5e—3

Vector-Invariant model: Solves Conservative model: Solves hu, h
u, k, 9 e CM-EP4 (Fjordholm et al.,
o VI-EP4 2009)
e CM-WENO5

e Vorticity with fourth order

approximation from u
16 /29



Perturbed geostrophic balance (u; profiles) fCoLt rotvTECHNIQUE

FEDERALE DE LAUSANNE

G|

(2l

(o

Min: -4.15e-01 Max: 4.15e-01 Min: -4.08e-01 Max: 4.08e-01
-4.100-01 -2.056-01 0.006+00 2.056-01 4.106-01 -4.100-01 -2.056-01 0.006+00 2.056-01 4.106-01

VI-EP4 CM-EP4

(has implicit dissipation) @ Cl

CM-WENO5

Min: -3.63e-01 Max: 3.63e-01

-4.100-01 -2.050-01 0.006+00 2.05e-01 4.100-01 17 /29
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Perturbed geostrophic balance (w profiles) L

FEDERALE DE LAUSANNE

Min: -1.19e+00 Max: 1.43e+00 Min: -1.19e+00 Max: 1.43e+00
-2.800+00 -1.500+00 -2.00e-01 1.100+00 2.40e+00 -2.800+00 -1.50e+00 -2.00e-01 1.10e+00 2.40e+00

VI-EP4 CM-EP4

(has implicit dissipation)

CM-WENO5

Min: -1.19e+00 Max: 1.43e+00

-2.800+00 -1.50e+00 -2.00e-01 1.10e+00 2.40e+00 18 /29



Perturbed geostrophic balance (w profiles) fCoLt rotvTECHNIQUE

FEDERALE DE LAUSANNE

G|

Min: -1.13e+00 Max: 1.45e+00 Min: -2.66e+00 Max: 2.30e+00

-2.800+00 -1.50e+00 -2.00e-01 1.10e+00 2.40e+00 -2.800+00 -1.500+00 -2.00e-01 1.10e+00 2.40e+00

VI-EP4 CM-EP4

(has implicit dissipation)

CM-WENO5

Min: -1.16e+00 Max: 1.28e+00

-2.800+00 -1.500+00 -2.000-01 1.106+00 2.40+00 19/29
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Perturbed geostrophic balance ECOLE POLYTECHNIQUE
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le-4
! | | | | 5
Ol S s e S e S e e o S e o S 5
5 z
54 g
5-2 g
3 []
&3 E
[0] e
T _q g
g g
¢ -5 £
B _g|oo VIEPA § ||ee viEP4
& E8 CM-EP4 o ~4|=—8 CM-EP4
=7 %= CM-WENO5 & |[*=x CM-WENO5
_ ; ; . . g ¢ ; ; . .
& 10 20 30 40 50 0 10 20 30 40 50
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Perturbed geostrophic balance ECOLE POLYTECHNIQUE
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[le—o VI-EP4
3.6/ |38 CM-EP4
2. ,|[** CM-WENO5

|
o
)

| |
o o
o) i
| vortici
w
'y

|
o
©

|
g
=)

Min. potential vorticity

e—o VI-EP4
=8 CM-EP4
= CM-WENO5

|
=
N

0 10 20 30 40 50 0 10 20 30 40 50
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Flow over an isolated mountain (Toy et al. 2016) A
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Initially designed for simulation on a sphere.
Domain: [~7a, ma)?, a = 6.37 x 105m — flattened Earth

Geostrophic balance:

u(y)

(uo cos (%) ,O) ,  F(y) =2Qsin (%)
H(y) = ho — gQuo sin? (%)
where

ho = 5960m, wup = 20ms™!, Q=7.292 x 107 °s!

Introduce a mountain:

hoy) =hes (1= =) s v =min(R /@ =207+ (y = )2,

Ta Ta ™a
hos =2000m,  (zeye) = (5 %) R=7

22/29
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Flow over an isolated mountain (7" = 7 days) !mg!w{;cll!m
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-3.50e-05 -1.75e-05 0.00e+00 1.75e-05 3.50|e-05

23/29



Flow over an isolated mountain (7" = 7 days)

Relative total energy error
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1.0le-14 le=5
0.0
0.5 -0.2
-0.4
0.0p-g-G-—a—-g—a—8-3-3

Relative total potential enstrophy error

— 200 x 200 At=6s —0.6{| — 200 x 200 At =65
—0.5/|B-8 200 x 200 At=30s E-8 200 x 200 At=30s
G-9 400 x 400 At=6s —0.8|¢-© 400 x 400 At=6s
%=x 400 x 400 At=30s %=x 400 x 400 At=30s
L1 3 3 3 R T R
t (days) t (days)
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Flow over an isolated mountain (7" = 7 days) fCoLt rotvTECHNIQUE
FEDERALE DE LAUSANNE
-297081e8 2.972218-8
-2.9710 2.9720
> >
$-2.9712 £29718
§ 6—o 200x200 At=6s 3
5 ~29714 1535 200x200 At=30s 5 2:9716
‘5_2.9716 %= 400x400 At=6s $2.9714
g &% 400x400 At =30s g oo 200x200 At =6s
-§ -2.9718 %2.9712 E-8 200x200 At=30s
=
-2.9720 besee 29710ksseeae | J00x400A=6s
&% 400x400 At=30s
55 4 5 6 7 Y% T 73 1 5 & 7
t (days) t (days)
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Constructed fourth-order accurate energy preserving scheme for rSWE

Implicit dissipation through upwinding in 9

Smoother approximation of 9 (via solver)

Arbitrary high-order energy preserving scheme can be constructed

26 /29



Thank you.
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Advecting vortex: Effect of Coriolis force M

1.00e-01

5.00e-02

0.00e+00

-5.00e-02

-1.00e-01
Max: 1.08e-02
Min: -7.97e-02

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE

1.00e-01

5.00e-02

0.00e+00

-5.00e-02

-1.00e-01
Max: 1.08e-02
Min: -7.97e-02

Domain: [—40,40]%, Mesh: 200 x 200.
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Advecting vortex: Effect of Coriolis force

1.00e-01

5.00e-02

0.00e+00

-5.00e-02

-1.00e-01
Max: 1.08e-02
Min: -7.97e-02

L (t

ECOLE POLYTECHNIQUE
FEDERALE DE LAUSANNE
1.00e-01
5.00e-02
0.00e+00

-5.00e-02

-1.00e-01
Max: 1.58e-02
Min: -1.14e-02

Domain: [—40,40]%, Mesh: 200 x 200.
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Effect of Coriolis terms T e

FEDERALE DE LAUSANNE

116—9‘

53 K09 60 (-8 -0 0% -0 0% -8 % 009 -8 -8 6 Y

jod]
|| — 200 x 200 At=0.1
3-8 200 x 200 At =0.05
—2.0|@-© 400 x 400 At=0.1
%% 400 x 400 At=0.05

— 200 x 200 At=0.1
3-8 200 x 200 At =0.05
—4116-9 400 x 400 At=0.1

%% 400 x 400 At=0.05

gl n L n . . n n n
0 5 10 15 20 25 30 35 10 15 20 25 30 35 40
t t

Relative total energy error
|
N

Relative total potential enstrophy error

o
o
oo
w
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Perturbed geostrophic balance ECOLE POLYTECHNIQUE

FEDERALE DE LAUSANNE

01e—2

c—o 200 x 200
|38 400 x 400

0 10 20 30 40 50

Relative total potential enstrophy error
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